Abstract. We consider the deformation theory of two kinds of geometric objects: foliations on one hand, pre-symplectic forms on the other. For each of them, we prove that the geometric notion of equivalence given by isotopies agrees with the algebraic notion of gauge equivalence obtained from the L∞-algebras governing these deformation problems.
Introduction
Pre-symplectic forms are closed 2-forms whose kernel has constant rank. They arise for instance by restricting symplectic forms to coisotropic submanifolds, such as the zero level sets of moment maps. They are precisely the 2-forms which admit local coordinates making them constant, and they can be also regarded as transversally symplectic foliations. The deformation theory of pre-symplectic forms -unlike the one of symplectic forms -is non-trivial, due to fact that two conditions have to be preserved simultaneously: the closeness condition, and the constant rank one. In a previous publication [6] we showed that pre-symplectic deformations of a pre-symplectic manifold (M, η) are governed by an L ∞ -algebra L ∞ (M, η) whose brackets are trivial except possibly for those of arity one, two and three.
Further, in [6] we related the L ∞ -algebra L ∞ (M, η) to the L ∞ -algebra governing deformations of involutive distributions (i.e., of foliations), by means of a strict morphism. This can be seen as an enhancement of the geometric fact that to every pre-symplectic form there is an associated involutive distribution, given by its kernel.
In this note we address equivalences of deformations. For pre-symplectic structures, there is a geometric notion of equivalence: η 1 and η 2 are equivalent if they are related by a diffeomorphism isotopic to the identity. There is also an algebraic notion of equivalence, namely the gauge equivalence of Maurer-Cartan elements of the L ∞ -algebra L ∞ (M, η). One of the main results of this note is Thm. 2.16, stating that these two notions essentially coincide when M is compact.
In the same vein, there are also a geometric and an algebraic notion of equivalence for foliations, which we show to coincide in Thm. 2.6. Even though the L ∞ -algebras controlling the deformations of foliations were investigated already in the early 2000's, to our knowledge the equivalences are addressed here for the first time.
The relationship between the equivalences attached to the deformations of pre-symplectic forms and foliations, respectively, is discussed in Remark 2.17.
We finish with a technical note. For both pre-symplectic forms and foliations, the algebraic notion of equivalence is somewhat hard to handle since it is expressed in terms of solutions of a PDE. We bypass this problem by rephrasing algebraic equivalences on M in terms of the product manifold M × R, see Lemma 2.3 and Lemma 2.11.
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Review: Deformations of foliations and of pre-symplectic structures
We recall results on the deformation theory of two kinds of (interrelated) geometric objects: foliations on one side, pre-symplectic forms on the other.
1.1.
Deformations. Deformations of a given structure are often controlled by an algebraic structure known as a differential graded Lie algebra or, more generally, an L ∞ -algebra. We will work with the following notion, which is equivalent to the one of L ∞ -algebra (by a degree shift).
-algebra is a Z-graded vector space W , equipped with a collection of graded symmetric brackets (λ k : W ⊗k −→ W ) k≥1 of degree 1 which satisfy a collection of quadratic relations [4] , called higher Jacobi identities.
For the L ∞ [1]-algebras appearing in this note, all the multibrackets vanish except possibly for the first three, namely λ 1 , λ 2 , λ 3 . We provide the definition of Maurer-Cartan element only for such
Given a (algebraic or geometric) object, its deformations are often governed by an L ∞ [1]-algebra W , in the following strong sense: the Maurer-Cartan elements of W are in natural bijection with the "small" deformations of that object. For instance, given an integrable distribution K on a manifold M , fix an auxiliary distribution G with K ⊕ G = T M . In Prop. 1.3 we display an L ∞ [1]-algebra whose Maurer-Cartan elements are naturally identified with integrable distributions which are transverse to G. We do the same for pre-symplectic forms in Thm. 1.14.
1.2.
Foliations and their deformations.
Foliations.
Let M be a smooth manifold. A rank l foliation is a decomposition of M into immersed submanifolds of dimension l, subject to a local triviality condition (see for instance [5] ).
The celebrated Frobenius theorem states that there is a canonical bijection between foliations on M and involutive distributions on M , i.e. subbundles of T M whose sections are stable w.r.t. the Lie bracket of vector fields. More precisely, given a foliation M , the associated involutive distribution D is given at any point p as follows: D p is the tangent space to the immersed submanifold (leaf) of the foliation through the point p. Because of this bijection, in the following we will work with involutive distributions.
Deformation theory of foliations.
We review the L ∞ [1]-algebra governing deformations of foliations. The following proposition [6, Prop. 4.6] summarizes results by Huebschmann [2] , Vitagliano [8] and Xiang Ji [3] : Proposition 1.3. Let K be an involutive distribution on a manifold M , and let G be a complement. There is an L ∞ [1]-algebra structure on Γ(∧K * ⊗ G) [1] , whose only possibly non-vanishing brackets we denote by l 1 , −l 2 , l 3 , with the property that the graph of φ ∈ Γ(K * ⊗G) [1] is involutive iff φ is a Maurer-Cartan element.
Rephrasing this proposition, taking the graph of elements of Γ(K * ⊗ G) gives a bijection
where MC(K) denotes the set of Maurer-Cartan elements of (Γ(∧K * ⊗ G) [1] , l 1 , −l 2 , l 3 ).
The formulae for l 1 , l 2 , l 3 are as follows. We remark that l 1 is the differential associated to the flat K-connection on G which, under the identification G ∼ = T M/K, corresponds to the Bott connection. (Thus the underlying cochain complex is the one used by Heitsch [1] [1] we have:
Here X i ∈ Γ(K), pr G is the projection T M = G ⊕ K → G, and similarly for pr K . Further S i,j,k denotes the set of permutations τ of i + j + k elements such that the order is preserved within
The symbol (ξ ↔ ψ, k ↔ l) denotes the sum just above it, switching ξ with ψ and k with l. The symbol denotes cyclic permutations in ξ, ψ, φ. 
Definition 1.5. A pre-symplectic manifold is a pair (M, η) consisting of a manifold M and a pre-symplectic form η on M . We denote the space of all pre-symplectic structures of rank k on M by Pre-Sym k (M ).
Remark 1.6. Any pre-symplectic manifold (M, η) has an associated distribution
Since η is closed, the distribution K is involutive, hence gives rise to a foliation on M . Recall that associated to any foliation, one has the corresponding foliated de Rham complex, which we denote by Ω(
Restriction of ordinary differential forms on M to sections of K yields a surjective chain map r : Ω(M ) → Ω(K). We denote the kernel of r by Ω hor (M ). It coincides with the multiplicative ideal in Ω(M ) generated by all the sections of the annihilator
We have the following exact sequence of complexes
We denote the cohomology of Ω hor (M ) by H hor (M ).
Remark 1.7. We have the following identification of the formal tangent space to Pre-Sym k (M ) at η:
1.3.2.
A parametrization inspired by Dirac geometry.
Let V be a finite-dimensional, real vector space. Fix a bivector Z ∈ ∧ 2 V , which can be encoded by the linear map
We denote by I Z the open neighborhood of 0 ⊂ ∧ 2 V * consisting of those elements β for which the map id + Z ♯ β ♯ : V → V is invertible. We consider the map F :
This non-linear map defines a diffeomorphism of I Z onto I −Z . Further, denoting by G the image of Z ♯ , for any β ∈ ∧ 2 V * we have:
A Dirac-geometric interpretation the map F is given in [7] .
Assume from now on that η ∈ ∧ 2 V * is of rank k. We fix a subspace G ⊂ V , which is complementary to the kernel K = ker(η ♯ ). Since the restriction of η to G is non-degenerate, there is a unique element Z ∈ ∧ 2 G ⊂ ∧ 2 V determined by the requirement that
Definition 1.8. The Dirac exponential map exp η of η (and for fixed G) is the mapping
Let r : ∧ 2 V * → ∧ 2 K * be the restriction map; we have the natural identification ker(r) = ∧ 2 G * ⊕ (G * ⊗ K * ). The following theorem is [6, Thm. 2.6]. Item (iii) below asserts that, upon restriction to ker(r), the map exp η is a submanifold chart for (∧ 2 V * ) k , the space of skewsymmetric bilinear forms on V of rank k.
is the unique skew-symmetric bilinear form on V with the following properties:
Remark 1.10. We notice that the construction of exp η can be readily extended to the case of vector bundles. In particular, given a pre-symplectic manifold (M, η), the choice of a complementary subbundle G to the kernel K of η yields a fibrewise map
which maps the zero section to η, and an open neighborhood thereof into the space of 2-forms of rank equal to that of η. As a consequence, we can parametrize deformations of η inside [2] , whose only possibly nonvanishing multibrackets are λ 1 , λ 2 , λ 3 , with the property that for all 2-forms β ∈ Γ(I Z ) the following statements are equivalent:
Remark 1.12. The differential λ 1 is just the de Rham differential. The binary bracket λ 2 is given (up to signs) by the Koszul bracket associated to Z. The trinary bracket λ 3 is obtained contracting with
, in particular it vanishes when Z is a Poisson bivector field. We refer the interested reader to [6] for the details. In this note we do not need the explicit formulae for these multibrackets.
1.3.4.
The Koszul L ∞ -algebra of a pre-symplectic manifold.
We return to the pre-symplectic setting, i.e. suppose η is a pre-symplectic structure on M . Let us fix a complementary subbundle G to the kernel K ⊂ T M of η and let Z be the bivector field on M determined by Z ♯ = −(η|
The following is [6, Thm. 3 .17]. [2] associated to the bivector field Z, see Thm. 1.11, maps Ω hor (M ) [2] to itself. The subcomplex Ω hor (M ) [2] ⊂ Ω(M ) [2] therefore inherits the structure of an L ∞ [1]-algebra, which we call the Koszul L ∞ [1]-algebra of (M, η).
From the above one obtains the following main result [6, Thm. 3 .19]: Theorem 1.14. Let (M, η) be a pre-symplectic manifold. The choice of a complement G to the kernel of η determines a bivector field Z by requiring Z ♯ = −(η ♯ | G ) −1 . Suppose β is a 2-form on M , which lies in I Z . The following statements are equivalent:
The image of β under the map exp η is a pre-symplectic structure of the same rank as η.
Rephrasing the above result, the fibrewise map
restricts, on the level of sections, to a bijection
where MC(η) is the set of Maurer-Cartan elements of the Koszul L ∞ [1]-algebra.
1.4.
A strict morphism relating deformations. For every pre-symplectic form there is an associated involutive distribution, namely its kernel, and hence by the Frobenius theorem there is also an associated foliation. Following [6, §4] , we now show that this can be viewed as the map on Maurer-Cartan elements induced by a strict morphism of L ∞ [1]-algebras. As earlier, let η be a pre-symplectic form on M , and choose a complement G to K = ker(η). Let Z ∈ Γ(∧ 2 G) be the bivector field corresponding to the restriction of η to G, so
The following is [6, Prop. 4.6] , and states that there is a strict morphism from the L ∞ [1]-algebra governing the deformations of the pre-symplectic form η to the
, we use the notation Ω(K, G) := Γ(∧K * ⊗ G) and similarly for Ω(K, G * ):
is a strict morphism of L ∞ [1]-algebras, where the domain is the Koszul L ∞ [1]-algebra with multibrackets λ 1 , λ 2 , λ 3 , see Theorem 1.13, and the target Ω(K, G) [1] is endowed with the multibrackets l 1 , −l 2 , l 3 , see Prop. 1.3.
Equivalences
All the original results of this note are contained in this section. In §2.2 we show that the gauge equivalence of foliations essentially agrees with the geometric notion of equivalence given by isotopies, at least in the compact case (see Thm. 2.6). In the long §2.3 we obtain an analog result for pre-symplectic forms (see Thm. 2.16).
2.1. Gauge equivalence. On the set of Maurer-Cartan elements of an L ∞ [1]-algebra there is a canonical equivalence relation. We recall it now for L ∞ [1]-algebras W for which only the first three multibrackets λ 1 , λ 2 , λ 3 might be non-zero and, as in the two cases of interest for this note, which satisfy the following conditions: W consists of smooth sections of a vector bundle, and each multibracket is a multidifferential operator.
As indicated by the name, gauge equivalences define an equivalence relation on the set of Maurer-Cartan elements of (W, λ 1 , λ 2 , λ 3 ).
Equivalences of foliations.
Given an involutive distribution on M , choose a complement G. We saw in Prop. 1.3 that there is an L ∞ [1]-algebra whose Maurer-Cartan elements correspond bijectively to involutive distributions transverse to G. In this subsection we relate the induced gauge equivalence with the geometric notion of equivalence given by isotopies, see Thm. 2.6 and the text following it.
Isotopic foliations.
We introduce the following geometric notion of equivalence for involutive distributions on a manifold M . We call two involutive distributions D andD isotopic if they lie in the same orbit of this action.
Gauge-equivalences of foliations.
We fix an involutive distribution K on a manifold M , and a complement G. In Prop. 
Using the formulae given after Prop. 1.3, one sees that the above equation reads as follows, for all sections X of K:
We give an equivalent characterization of this equation in terms of the product manifold M × 
Then D is involutive iff Φ t consists of Maurer-Cartan elements and the differential equation (4) is satisfied. Proof. Taking sections of D lying in its first or second summand, and using the projection
, one sees that the distribution D is involutive iff the following two conditions are satisfied: graph(Φ t ) is involutive for all t, and for all X ∈ Γ(K) the vector field We make the following claim: For all p ∈ M and times t for which ϕ t is defined, we have
The claim implies the conclusion, using Remark 2.4. We now prove the claim. The distribution D is involutive, by Lemma 2.3. Consider the vector fieldȲ on M × R given byȲ (p,t) = ∂ ∂t + Y t | p . It is a section of D, hence its flow preserves D. In particular, the time t flow F t ofȲ satisfies D| M ×{t} = (F t ) * (D| M ×{0} ). The r.h.s. agrees with the r.h.s. of eq. (6), as can be computed easily using the fact that the flow F t reads
We can now prove the main statement of this subsection:
Theorem 2.6. Let M be a compact manifold with an involutive distribution K, and fix a complement G. Fix Maurer-Cartan elements Φ 0 , Φ 1 of (Γ(∧K * ⊗G) [1] , l 1 , −l 2 , l 3 ). The following is equivalent:
(1) Φ 0 and Φ 1 are gauge equivalent Maurer-Cartan elements of (Γ(
and so that ϕ is connected to the identity by an isotopy (ϕ t ) t∈[0,1] with the property that, for all t ∈ [0, 1], (ϕ t ) * (graph(Φ 0 )) is transverse to G.
Thm. 2.6 shows that two involutive distributions transverse to G are gauge equivalent iff they lie in the same connected component of {involutive distributions transverse to G} ∩ (a Diff 0 (M )-orbit). . It is an involutive distribution, being the product of two involutive ones. One computes that its push-forward bȳ ϕ is the distribution which at each point (p, t) ∈ M × [0, 1] reads
where
. This distribution is exactly the distribution D appearing in Lemma 2.3 associated to the data (Φ t , Y t ) t∈ [0, 1] , where
is the image of V t under the projection T M → G with kernel (ϕ t ) * (graph(Φ 0 )). Hence D is involutive. Using Lemma 2.3 we obtain (1).
Remark 2.7.
[On isotopies tangent to G] Given a diffeomorphism ϕ as in Thm. 2.6 (2), one can constrict a diffeomorphism ϕ ′ with the same properties and so that the isotopy (
. This geometric fact follows from the proof of the implication "(1) ⇒ (2)" in the above theorem.
2.3.
Equivalences of pre-symplectic structures. Given a pre-symplectic form η on M and a choice a complement to its kernel, we saw in §1.3.4 that there is an L ∞ [1]-algebra structure on Ω hor (M ) [2] whose Maurer-Cartan elements parametrize pre-symplectic forms nearby η, via the Dirac exponential map β → exp η (β) of Def. 1.8. In this subsection we relate the gauge equivalence of Maurer-Cartan elements with the geometric notion of isotopic pre-symplectic forms, see Thm. 2.16 and the text following it.
2.3.1. Isotopic pre-symplectic structures. We start introducing a notion of equivalence of presymplectic structures on a manifold M , which is natural from the geometric point of view. Definition 2.8. The group Diff 0 (M ) of diffeomorphisms isotopic to the identity acts on Pre-Sym k (M ) from the right via η · f := f * η.
We call two pre-symplectic structures η andη isotopic if they lie in the same orbit of this action, and then write η ∼η.
Furthermore, we denote the set of orbits by Pre-Sym
We will need a reformulation of the equivalence relation ∼:
Proposition 2.9. Suppose M is compact. Two pre-symplectic structures η andη on M are isotopic, if and only if there is a smooth one-parameter family of pre-symplectic structures (η t ) t∈ [0, 1] joining them, such that the variation d dt η t equals dγ t , with γ t a section of (ker(η t )) • depending smoothly on t.
Proof. Assume that η andη are isotopic via (f t ) t∈ [0, 1] , in particular f * 1 η =η. Then the smooth one-parameter family η t := (f t ) * η satisfies the requirements of the proposition since
One the other hand, if we are given a families (η t ) t∈[0,1] and (γ t ) t∈[0,1] as specified in the proposition, we can apply Moser's trick. In more detail, we make the Ansatz
for the isotopy (g t ) t∈[0,1] generated by X t . Now we can find a one-parameter family of vector fields X t such that ι Xt η t + γ t = 0, since γ t lies in the image of η ♯ t . Observe that the kernels of η t , as t ranges over [0, 1], form a vector bundle over M × [0, 1] and we can choose a complementary subbundle to it inside the pull-back of T M . Requiring that X t takes values in this subbundle uniquely determines the one-parameter family X t (this shows in particular that X t can be chosen in a smooth manner). Since M is compact, (X t ) t∈[0,1] will integrate to an isotopy (g t ) t∈ [0, 1] . Setting f t := g −1 t yields the desired isotopy satisfying η t = f * t η, in particularη = f * 1 η.
Remark 2.10. Let us determine the formal tangent space to Pre-Sym k (M )/Diff 0 (M ) at the equivalence class of η. By Remark 1.7, the formal tangent space of Pre-Sym k (M ) at η can be identified with the closed 2-forms on M whose restriction to K = ker(η) is zero. On the other hand, by Prop. 2.9, the equivalence class of η is infinitesimally modelled by dβ for β ∈ Γ(K • ). As the quotient of these two vector spaces, and hence as the candidate for
Gauge-equivalences of two-forms.
Fix a bivector field Z on M . Recall that associated to Z, we constructed an L ∞ [1]-algebra structure on Ω(M ) [2] with structure maps λ 1 , λ 2 and λ 3 , in Thm. 1.11. Here we give a characterization of when two sufficiently small Maurer-Cartan elements are gauge equivalent in terms of the map F introduced in eq. (1), see Prop. 2.13 below.
For given Maurer-Cartan elements β 0 , β 1 ∈ Ω 2 (M ) [2] , we defined gauge equivalence in Def. 2.1, requiring the existence of smooth one-parameter families (β t ) t∈[0,1] ⊂ Ω 2 (M ) [2] of MaurerCartan elements and (α t ) t∈[0,1] ⊂ Ω 1 (M ) [2] satisfying eq. (3). We characterize this in terms of the product manifold M × [0, 1], just as we did in Lemma 2.3. Lemma 2.11. Two Maurer-Cartan elements β 0 and β 1 are gauge equivalent iff there is
• a smooth one-parameter family
such that
is a Maurer-Cartan element in the
Here the operator d Consider the manifold M × [0, 1], equipped with the bivector field Z defined by [2] lying in I Z , we know by Thm. 1.11 that the image
is closed with respect to the de Rham differential, which in turn amounts to
Notice that
Since F maps I Z bijectively onto I − Z , it follows that β t lies in I −Z for all t.
We compute explicitly the r.h.s. of eq. (7).
Lemma 2.12. For a family α t of 1-forms on M and a family β t of 2-forms lying in I Z we have
Here for any pair (β, α) ∈ Γ(I Z ) × Ω 1 (M ) we denote
Proof. We have
W.r.t. the splitting T * (p,t) (M × [0, 1]) = T * p M ⊕ Rdt, the isomorphism in the square bracket is lower triangular, so it can be easily inverted to obtain
Using this, it is straightforward to verify that the above 2-form on M × [0, 1] simplifies to F (β t ) + dt ∧ F ′ (β t , α t ) as stated in the proposition.
In conclusion, we obtain: Proposition 2.13. Fix a bivector field Z on M . There is a bijection between:
Proof. Given an element of the set (1), apply Lemma 2.11 (and its proof) and the map F to obtain an element of the set (2) . This map is a bijection since F : I Z → I − Z is a bijection. The formulae for β t and α t were obtained in Lemma 2.12.
2.3.3.
Gauge equivalences of pre-symplectic forms.
Let (M, η) be a pre-symplectic manifold. As usual, we fix a complement G of the kernel K = ker(η) and denote by Z the bivector field determined by Z ♯ = −(η|
The subcomplex of (Ω(M ) [2] , λ 1 , λ 2 , λ 3 ) consisting of horizontal differential forms Ω hor (M ) forms an L ∞ [1]-subalgebra, which we refer to as the Koszul L ∞ [1]-algebra of (M, η), see Thm. 1.13. Further we saw that the Maurer-Cartan elements of the Koszul L ∞ [1]-algebra correspond to deformations of the pre-symplectic structure η (the rank is required to stay fixed), see Thm. 1.14. Now we specialize to horizontal forms the results about gauge equivalence obtained in §2.3.2.
We first need a linear algebra lemma. Recall that α, β were defined in eq. (9).
Lemma 2.14. Let β ∈ Ω 2 hor (M ) lie in I Z . For any α ∈ Ω 1 (M ) we have: α ∈ Ω 1 hor (M ) iff α vanishes on the kernel of η + β.
Proof. The kernel of η + β equals the image of the map (id
proving the lemma.
We can now refine Prop. 2.13 to:
Proposition 2.15. There is a bijection between:
one-parameter families ( α t ) t∈ [0, 1] in Ω 1 (M ) such that η t := η + β t is pre-symplectic on M of rank equal to rank(η) and with kernel transverse to G, α t vanishes on ker(η t ), ∂ηt ∂t = d α t . Proof. Use Prop. 2.13, together with Thm. 1.14 with the text following it, and Lemma 2.14.
Rephrasing the above proposition gives the main result of this subsection. Theorem 2.16. Let (M, η) be a compact pre-symplectic manifold, and fix a complement G of ker(η). Fix Maurer-Cartan elements β i of (Ω hor (M ) [2] , λ 1 , λ 2 , λ 3 ) lying in I Z , and denote by η i := η + F (β i ) the corresponding pre-symplectic forms, for i = 0, 1. The following is equivalent:
(1) The Maurer-Cartan elements β 0 and β 1 are gauge equivalent through Maurer-Cartan
There is a diffeomorphism of M pulling back η 1 to η 0 and isotopic to the identity by an isotopy (ϕ t ) t∈[0,1] such that (ϕ t ) * (ker(η 0 )) is transverse to G for all t.
Proof. Apply Prop. 2.15 and Prop. 2.9.
Thm. 2.16 shows that two Maurer-Cartan elements lying in I Z are gauge equivalent through Maurer-Cartan elements lying in I Z iff they lie in the same connected component of {pre-symplectic forms with kernel transverse to G} ∩ (a Diff 0 (M )-orbit). (i) An isotopy as in the second item of Thm. 2.16 is obtained by integrating Z ♯ α t . Indeed, the isotopy constructed in Prop. 2.9 is obtained by integrating a time-dependent vector field X t satisfying ι Xt η t = − α t . We claim that X t := Z ♯ α t (a vector field tangent to the distribution G) satisfies this equation. The claim follows from
where we used β
in the second equality. This implies the following geometric fact, analogous to Lemma 2.7: given a diffeomorphism ϕ as in Thm. 2.16 (2), one can construct a diffeomorphism ϕ ′ with the same properties and so that in addition the isotopy (
-algebra which governs deformations of involutive distributions transverse to G. Applying this morphism to β i (i = 0, 1) we obtain Maurer-Cartan elements
On the other hand, in view of (i) above, the isotopy (ϕ t ) t∈[0,1] obtained integrating Z ♯ α t satisfies the properties in Thm. 2.16 (2). In particular, (ϕ 1 ) * (ker(η 0 )) = ker(η 1 ) and (ϕ t ) * (ker(η 0 )) is transverse to G for all t ∈ [0, 1].
The two results explained in this item are consistent with Thm. 2.6 on equivalences of foliations. We provide an alternative proof of Prop. 2.15, working on the product M := M × [0, 1] and specializing Lemma 2.12 to horizontal forms on M . We view η as a 2-form on M , by taking its pullback. It is pre-symplectic, with kernel K ⊕ R∂ t . Notice that a complement to this kernel in T M is (the obvious extension of) G.
Take one-parameter families (β t ) t∈[0,1] and (α t ) t∈[0,1] as in (1) of Prop. 2.15. The 2-form β t + dt ∧ α t on M is clearly horizontal, and is a Maurer-Cartan element by Lemma 2.11. Hence by applying F as in eq. (7) we see (using Thm. 1.9 and Thm. 1.14) that (η + β t ) + dt ∧ α t is a pre-symplectic form on M whose kernel has dimension dim(K) + 1 and is transverse to G.
Notice that, for all t, the condition α t ∈ (ker(η + β t )) • holds at every point of M . (This follows from eq. (11), using that dim(ker(η + β t )) = dim(K) by Thm. 1.9 (i).) Applying Cor. A.2 and using eq. (10) we obtain item (2) in Prop. 2.15. Clearly this reasoning can be inverted. We present some elementary facts about pre-symplectic forms on a product manifold, which we use in Remark 2.18 and which are of independent interest. Any 2-form on M × [0, 1] can be written as Θ := η t + dt ∧ A t for smooth families (η t ) t∈ [0, 1] in Ω 2 (M ) and (A t ) t∈ [0, 1] in Ω 1 (M ). To describe its kernel in terms of η t and A t , one has to distinguish 3 two cases:
ker(Θ) (p,t) = {v + c∂ t : v ∈ T p M, c ∈ R, ι v η t = −cA t } if A t ∈ (ker(η t )) • at p ker(η t ) ∩ ker(A t ) otherwise.
From this we see that dim(ker(Θ) (p,t) ) = dim(ker(η t )) + 1 if A t ∈ (ker(η t )) • at p dim(ker(η t )) − 1 otherwise.
It can happen that Θ has constant rank and each of the two cases applies at points of M ×[0, 1]: take for instance M = R 2 , η t = tdx ∧ dy and A t = dx, so that Θ = dx ∧ (tdy − dt).
Lemma A.1. Consider the 2-form Θ = η t + dt ∧ A t on M × [0, 1]. Any two of the following conditions implies the remaining one:
(1) Θ has constant rank (2) for all t, the rank of η t is constant and independent of t (3) the set of points (p, t) for which (A t ) p ∈ (ker(η t ) p ) • is either M × [0, 1] or empty.
Proof. Apply eq. (11).
Now we bring the closeness condition into play. Clearly a two form Θ = η t + dt ∧ A t is closed iff dη t = 0 and ∂ηt ∂t = dA t for all t. Hence from Lemma A.1 we obtain: Corollary A.2. Consider smooth families (η t ) t∈ [0, 1] in Ω 2 (M ) and (A t ) t∈ [0, 1] in Ω 1 (M ). Assume that A t ∈ (ker(η t )) • at every point. Then the following is equivalent:
• η t + dt ∧ A t is a pre-symplectic form on M × [0, 1]
• for all t, η t is a pre-symplectic form on M whose rank is independent of t, and ∂ηt ∂t = dA t .
